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Evolution of structural relaxation spectra of glycerol within the gigahertz band

T. Franosch, W. Go¨tze,* M. R. Mayr, and A. P. Singh
Physik Department, Technische Universita¨t München, 85747 Garching, Germany

~Received 5 August 1996!

The structural relaxation spectra and the crossover from relaxation to oscillation dynamics, as measured by
Wuttke et al. @Phys. Rev. Lett.72, 3052 ~1994!# for glycerol within the GHz band by depolarized light
scattering, are described by the solutions of a schematic mode coupling theory model. The applicability of
scaling laws for the discussion of the model solutions is considered.@S1063-651X~97!13103-8#

PACS number~s!: 64.70.Pf, 61.20.Lc
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I. INTRODUCTION

Traditionally the dynamics of glass-forming liquids su
as glycerol was studied in a frequency window extend
from, say, 0.01 Hz up to 1 MHz. One observes spectra
decay curves whose characteristic time scalest shift drasti-
cally with changes of temperatureT, and which are stretche
over huge dynamical windows. The underlying processes
referred to as structural relaxation. The slowest proc
which manifests itself as a characteristic low-frequency p
in susceptibility spectra, is called thea process@1#. Great
progress has been made recently in extending the acces
window toward higher frequencies. For example, dielec
loss spectra of glycerol are now available up to 370 GHz@2#.
The reported high frequency spectra are similar to and
puzzling as the ones measured at lower frequencies. On
other hand, normal liquids have their spectra within the T
band, and they do not exhibit structural relaxation. Th
there is the question: how do structural relaxation pheno
ena appear upon cooling or compression? For glycerol
other conventional glass formers the appearance must o
within the GHz window. The first complete measurements
the evolution of structural relaxation were reported by Liet
al. @3# for the mixed salt Ca~NO3!2KNO3 ~CKN!, and by van
Megen and Underwood@4# for a colloid. Also for glycerol
the appearance of structural relaxation spectra was stu
recently @5–8# by light and neutron scattering, and in th
paper quantitative interpretation of the light scattering d
@6# shall be presented.

The evolution of structural relaxation is the subject of t
mode-coupling theory~MCT!. Originally this theory was
proposed as an approximation theory for simple classical
uids @9#. It aims at the evaluation of a set ofM autocorrela-
tion functions for density fluctuations as a function of timet,
Fq(t), q51,...,M , and of the corresponding susceptibili
spectraxq9(v) as a function of frequencyv. Fq(t) obey the
initial conditionsFq(0)51 and] tFq(0)50, and they are to
be calculated from the closed equations of motion

*Also at Max-Planck-Institut fu¨r Physik ~Werner-Heisenberg-
Institut!, P.O. Box 401212, 80805 Mu¨nchen, Germany.
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] t
2Fq~ t !1Vq

2Fq~ t !

1E
0

t

@Mq
reg~ t2t8!1Vq

2mq~ t2t8!#] t8Fq~ t8!dt850,

~1a!

mq~ t !5Fq„F~ t !…. ~1b!

HereVq.0 areM characteristic frequencies.Mq
reg(t) areM

regular fluctuating force correlation functions. The numb
Vq and the functionsMq

reg(t) describe the transient dynam
ics. In a simplest approach, the regular kernel is modele
describe a Markov process:Mq

reg(t)5nqd(t), with nq>0 de-
noting some friction constant. The essence of the theor
Eq. ~1b!, which expresses the kernelmq for a retarded fric-
tion as a polynomialFq of the set ofM correlatorsF. The
non-negative coefficients of the mode-coupling polynom
Fq are given in terms of the liquid structure factors. Th
serve as the coupling constants of the model, and dep
smoothly on control parameters likeT. MCT brings out a
bifurcation transition from ergodic liquid solutions to ide
glass states in the sense defined by Edwards and Ande
@10#. If the temperature is lowered, there appears a crit
valueTc , so that forT.Tc the solutions of Eqs.~1! exhibit
relaxation of all correlatorsFq(t) to the equilibrium value
zero. ForT<Tc however, spontaneous arrest is obtaine
Fq(t→`)5 f q.0. If T is lowered toward and throughTc ,
the solutions exhibit features which have a similarity to t
known experimental facts for structural relaxation. For d
tails, the reader is referred to Ref.@11#. Wuttke et al. @6#
argued that their light scattering spectra for glycerol can
rationalized within the known MCT scenario, and one aim
this paper is to corroborate their reasoning.

For smallv and small values for the separation parame
s5C(Tc2T)/Tc , Eqs.~1! lead to

Fq~v!5
21

v21/mq~v!
, ~2a!

whereFq(v) andmq(v) denote the Fourier-Laplace tran
form of Fq(t) andFq„F(t)…, respectively. This equation i
scale invariant: withFq(t), Fq

x5Fq(xt) is also a set of
solutions for allx.0. The slow dynamics near the bifurca
tion point is determined by Eq.~2a! only up to some overall
time scalet0 . This dynamics is given byFq , i.e., by the
equilibrium structure. TheM frequenciesVq and kernels
3183 © 1997 The American Physical Society
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Mq
reg(t) merely determine the value fort0 @11#. One can

show that the specified slow dynamics deals with relaxa
@12#, i.e., the solutions can be written as a superposition
Debye laws:

Fq~ t !5E
0

`

e2Gt%q~G!dG, %q~G!>0. ~2b!

A further simplification of the mathematical problem is po
sible if one restricts oneself to a mesoscopic dynamical w
dow, whereuFq(t)2 f q(T5Tc)u or uvFq(v)1 f q(T5Tc)u
are small. In a leading orderAusu expansion one arrives at
scaling law for the susceptibility spectrum,

xA95hAcsx̂6~vts!, s:0. ~3a!

Here A denotes some probing variable which couples
F(t); its specification enters the amplitudehA only. In par-
ticular one can use Eq.~3a! for xq9(v), where the depen
dence onq merely appears in factorhq . For the aforemen-
tioned light scattering experiments@6# the test variableA
presumably is the anisotropic part of the molecule’s pola
ability tensor. It is straightforward to evaluate from fun
tional Fq a numberl, called the exponent parameter. It d
termines thes-independent master functionsx̂6 , whose
quantitative details are well understood@13#. For large res-
caled frequencies one obtains the critical spectrumx̂6(v̂
@1)5sin(pa/2)G(12a)v̂a1O(v̂2a), specified by the
critical exponenta, 0,a, 1

2. For smallv̂ the glass suscep
tibility varies regularly x̂1(v̂!1)5C0v̂1O(v̂3). Hence
there appears a knee for the logx̂ versus logv̂ diagram at
some frequencyv̂k wherex̂1(v̂k)5x̂k . For small rescaled
frequencies the liquid spectra follow the von Schweidler l
x̂(v̂!1)5B sin(pb/2)G(11b)v̂2b1O(v̂b), specified by
the von Schweidler exponentb, 0,b<1. Thus there ap-
pears a minimum at some frequencyv̂min , where x̂(v̂min)
5x̂min . Let us reiterate that the exponentsa, b, and all the
constantsB, C0, v̂k , x̂k , v̂min , and x̂min are given byl,
they can be taken from published tables@13# or from a plot
of x̂6 versusv̂ curves. The temperature dependence of
spectra is determined by the correlation scalecs5usu1/2 and
by the time scalets5t0 /usu1/2a. The scales describe in pa
ticular the temperature variation of spectral minima a
knees:

vk5v̂k /ts , vmin5v̂min /ts , xk5x̂kcs ,

xmin5x̂mincs . ~3b!

The cited results are exact asymptotic formulas for the M
bifurcation dynamics. Unfortunately, so far no handy form
las for the corrections to the scaling laws are available.

Equations~3! imply some universal features of MCT an
most tests of the theory aimed at an assessment of these
the hard sphere system, all quantities likehq andl had been
evaluated, and therefore the comparison of MCT predicti
and relaxation curves for colloids could be done using
single constantt0 as fit parameter@4#. For complicated liq-
uids the details of the functionalFq are not known and,
therefore, for example, the comparison of spectra for C
with Eqs.~3! had to use alsohA andl as fit parameters@3#.
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All systems, which have so far been described successf
by MCT results, are fragile in Angell’s classification@14#.
Glycerol is between fragile and strong, so that a quantita
test of MCT results against its dynamics is of particular
terest.

The various partial structure factors, which quantify t
mode-coupling functionalFq , are not available for glycero
at present. Therefore a complete discussion of this sys
within MCT is not yet possible. To proceed beyond discu
ing the universal asymptotic results, we will base our cal
lations on a two-component schematic model. This mode
a caricature of the general equations of motion~1! by an
M52 specialization. The first correlatorF1(t), to be de-
noted asF(t), is meant to represent the large set of dens
fluctuation correlators, which deal with the structure dyna
ics of glycerol. The second correlatorF2(t), to be denoted
asFs(t), is meant to describe the dynamics of the probi
variableA, which is studied in the light scattering exper
ment. In Sec. II the model will be defined precisely, and
results will be shown to fit the mentioned glycerol light sca
tering spectra. In Sec. III we will examine how the solutio
of the model can be described by the leading order re
~3a!. Indeed it will be shown that only a part of the measur
spectra fall in the range of validity of the scaling law descr
tion. In Sec. IV some general conclusions shall be adde
the discussion.

II. DATA INTERPRETATION
BY A SCHEMATIC MCT MODEL

The following discussion is based on Fig. 1, which exh
its a comparison of MCT solutions for the frequency windo
0.4 GHz<v/2p<800 GHz with the depolarized light sca
tering spectra of Wuttkeet al. @6#. There is no obvious quali-
tative difference between the glycerol spectra reproduce
Fig. 1 and those discussed by Ro¨ssleret al. @5# or Sokolov,
Steffen, and Ro¨ssler@8#. The latter refer to the considerabl

FIG. 1. Susceptibility spectra as measured by Wuttkeet al. @6#
for glycerol by depolarized light scattering~open circles!. The ex-
perimental data are shown in arbitrary units, and they are norm
ized so that they coincide for frequencies above 2 THz. Data ab
100 GHz are not exhibited forT5303, 283, 253, 233, 213, and 19
K in order to avoid overcrowding of the figure. The dashed-dot
straight line indicates a white noise spectrum,xwhite9 (v)}v. The
full lines are MCT solutions for the model defined by Eqs.~4! with
model parameters described in the text.
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55 3185EVOLUTION OF STRUCTURAL RELAXATION SPECTRA . . .
smaller windowv/2p>50 GHz, so that their fit by MCT
formulas would be less demanding than the fits shown in
paper. The shown spectra were published@6# in an unnor-
malized form. We have normalized them so that they ag
for frequencies above 2 THz, as reported for the Ram
spectra of Ref.@5#.

Let us start with a comment on a particular point of co
cern in Refs.@5–8#. The measured spectraI (v), which are
related to the susceptibility spectra of Fig. 1 by a triv
frequency factorI (v)v}x9(v), exhibit a bump at the lowe
edge of the Raman band. From Fig. 1 of Ref.@6# one infers
that the center of the bump is located near 1 THz, and tha
low frequency tail influences the spectra down to ab
v0/2p'400 GHz. The mentioned bump is referred to@5–8#
as the boson peak. It represents oscillatory rather than re
ational motion. For a normal liquid one would expect t
spectrumI (v) to be essentially frequency independent
v,v0 . Such white noise spectrum is equivalent to a line
variation of the susceptibility spectrum with frequenc
xwhite9 (v)}v. A white noise line is added in dashed dotted
Fig. 1 as a guide to the eye. Equation~2b! implies that the
F9(v)5x9(v)/v versusv curve decreases monotonical
for a relaxation process. For a relaxation process the slop
the logx9 versus logv diagram must not exceed unity. Th
bosom peak manifests itself in Fig. 1 by the tendency of
spectrum to increase more steeply than the dashed dotted
with increasing logv for v>v0 .

One notices that the susceptibility spectra in Fig. 1 foT
near 223 or 233 K vary sublinearly,x9(v)}va, a'0.3, for
the two-decade windowv/2p,100 GHz. The sublinear sus
ceptibility spectra lead to an enhancement of the spectra
v/2p'1 GHz abovexwhite9 by more than one order of mag
nitude. The neutron scattering cross section@7# exhibits a
corresponding enhancementI (v)'1/v12a above a
frequency-independent background. MCT has predicted
mentioned power law spectrum as the critical spectrum
the relaxation for temperatures nearTc . The critical spec-
trum was first observed for CKN by neutron@15# and light
scattering@16# spectroscopies, respectively. It appears a
remarkable experimental observation that glycerol exhi
the critical spectrum as clearly as the fragile CKN. This fa
seems to be a hint that MCT might also be relevant for
discussion of nonfragile systems.

The high frequency wing of thea peak is visible in Fig. 1
for T>243 K. The crossover from this wing to the norm
liquid spectrum forv/2p>1 THz produces a susceptibilit
minimum at some frequencyvmin . Since thea-peak tail is
superimposed on the critical spectrum, the intensityxmin
5x9(vmin) is enhanced by more than a factor 10 abo
xwhite9 ~vmin!. If one tries to fit the spectral minimum by a su
of some standard model for thea spectrum and a vibrationa
spectrum found from the low temperature spectrum, o
misses the measured minimum intensityxmin of glycerol by
at least one order of magnitude. This fact was explicitly de
onstrated before for the CKN data@17#. Wuttke et al. @6#
have shown that thea-peak wing can be used to estimate
von Schweidler exponentb'0.6. This impliesl'0.7, which
in turn leads toa'0.3. Thea-peak tails are described rea
sonably by the master functionx̂2 . However, independent o
the choice ofl, the light scattering spectra forT>273 K and
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v.vmin cannot be described by the leading asymptotic f
mula ~3a! @5,6#.

Equation~3a! is reproduced by every MCT example, pro
vided it can reproduce the desired value forl. The simplest
example deals with a single correlator, sayF(t), and uses a
quadratic polynomial in Eq.~1b!. The transient dynamics is
specified by some frequencyV and some damping constan
n. The equation of motion reads

] t
2F~ t !1n] tF~ t !1V2F~ t !

1V2E
0

t

m~ t2t8!] t8F~ t8!dt850. ~4a!

The mode coupling polynomial is quantified by two couplin
constantsv1,2>0,

m~ t !5v1F~ t !1v2F~ t !2. ~4b!

The bifurcations from the weak coupling liquid states to t
strong coupling glass states occur at a parabola curve in
v12v2 plane, which is shown as full line in Fig. 2. Ifv2
decreases from 4 to 1, the exponent parameterl increases
from 1

2 to 1 @18#. The model exhibits a number of nongener
features like the transition singularities along the strai
line, which is indicated in Fig. 2 by a dash. These are w
understood but they are of no particular interest for the d
cussion in this paper. The specified model shall be used
caricature of all the density fluctuations of glycerol. Th
model represents all the oscillatory modes by a single os
lator. For the probing variable a second correlator, cal
Fs(t), shall be used. Its equation of motion reads like E
~4a! with F, V, n, andm(t) replaced byFs , Vs , ns , and
ms(t), respectively. The kernelms(t) shall be specified by a
single coupling constantvs>0 as the quadratic expression

ms~ t !5vsF~ t !Fs~ t !. ~4c!

The peculiarity of this model is that the first correlator infl
ences the dynamics of the second, but not vice versa.

FIG. 2. Coupling constant plane for the model defined by E
~4a! and~4b!. The full line is the curve of liquid-to-glass transition
The diamonds with dots mark thev1-v2 pairs, chosen for the solu
tions of Fig. 1. The inset shows the same parametersv1 andv2 as
function of temperature, connected by lines as guides to the
The stars indicate the transition point for the chosen parameter
„v1(T),v2(T)….
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model was introduced by Sjo¨gren@19# as a caricature for the
self-motion or tagged particle dynamics of a liquid.

The full lines in Fig. 1 show the susceptibility spect
xs9(v) as obtained by solving Eqs.~4a!–~4c!. To achieve the
intended fits we have chosen temperature-independent va
V/2p516.51 THz, n50, Vs/2p50.3086 THz, ns/2p
50.3813 THz, andvs531.65. The inset in Fig. 2 shows th
drift of the chosen fit parametersv1 and v2 as function of
temperature. For vanishingvs , xs9(v) would be a damped
oscillator spectrum whose low frequency part falls below
dashed dotted line in Fig. 1. Essentially the same would
true if a model withv1,0.2, v2,1 would be considered
The strong spectra shown in Fig. 1, which stretch ove
three-decade window and vary withT drastically, result en-
tirely from the smooth drift of the coupling constan
(v1 ,v2), which are shown in Fig. 2 by diamonds with dot
The mode-coupling parameters are shifted through the b
cation line; the intersection pointv1

c50.863, v2
c51.88,

which is indicated in Fig. 2 by a star, leads to an expon
parameterl50.730. This implies the anomalous expone
a50.314 andb50.591. The critical temperatureTc is lo-
cated between 223 and 233 K.

We anticipate that the shown fits represent an accept
description of the measured evolution of structural relaxat
in glycerol within the GHz band for 173 K<T<363 K. The
fit includes the low frequency wing of the boson peak, a
treats the crossover from oscillatory to relaxational dyna
ics. The results shown suggest the conclusion that the ev
tion of structural relaxation in glycerol matches the physi
picture provided by the MCT@10#.

III. SCALING LAW DESCRIPTION

The evaluated spectra shall be used to discuss quan
tively the connection between the solutions for the speci
model and the leading order asymptotic formulas~3!. The
upper part of Fig. 3 reproduces the MCT results of Fig. 1;
window is enlarged so that thea peaks can be included i
the discussion. The lower part exhibits the correspond
results for the other correlatorF. The spectra at the critica
point are added as curves with labelc. Two further spectra,
labeled6, are also shown. These are calculated for the
points v15v1

c6231025 and v25v2
c . They correspond to

very small separationsusu, and the parameters are plac
symmetrically with respect to the critical point:T65Tc
7dT, anddT.0.

Rescaling of the master spectrax̂6 , as described in Eq
~3a! by cs and ts , is done in the double logarithmic repre
sentation of Fig. 3 by parallel shifts of the logx̂ versus logv
curve. The master spectra forl50.730 are shown as dashe
curves. If the minima ofx̂2 and of the curve labeled by2
are placed on top of each other, both spectra forT1 and
T2 are described properly by Eq.~3a! for a large window.
Small corrections to the leading order results, Eq.~3a!, be-
come visible forxs9 for frequencies above 1 GHz and forx9
for frequencies below 0.01 MHz. The leading corrections
the leading order result forxs9 , Eq.~3a!, increase proportion-
ally to usu1/2, and as a consequence the window of appli
bility of Eq. ~3a! shrinks with increasinguT2Tcu. The size
of the correction can be different for different correlato
es
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This phenomenon is demonstrated in Fig. 3 for theT5233 K
curves. The shifted master spectrumx̂2 is above the MCT
solutionxs9(v) at 10 GHz, while no discrepancies betwe
the master spectrum andx9~v! are visible between 0.1 an
100 GHz. Thea-peak tail ofxs9(v) is well described byx̂2

down to 0.2 MHz, whilex̂2 differs from thea-peak tail of
x9~v! already for 20 MHz. If one increasesT further, the
range of applicability of Eq.~3a! shrinks even more, as i
demonstrated for the liquid spectraxs9 in Fig. 3 for T5253
and 273 K.

The deviation of the shiftedx̂2 from xs9(v) for v.vmin

has a different sign forT>273 K than forT5233 K. This
difference cannot be explained by a discussion of the m
tioned leading order corrections to Eq.~3a!. Rather one has
to remember the derivation of the scaling law. This was do
via Eq. ~2a! for a window, where all transient dynamic
could be ignored. It was shown in particular via Eq.~2b! that
this window deals with relaxation only. All oscillatory fea
tures of the transient dynamics have to be outside the w
dow, where Eqs.~3! can be used. The known gener
asymptotic MCT formulas cannot be used to discuss glyce
spectra forv above the identifiedv0/2p5400 GHz. For
v>v0 the boson peak masks the scaling law spectra. Th
demonstrated explicitly in Fig. 4 for theT5253 K spectrum.
The full line reproduces the corresponding fit curve fro
Fig. 1. The dashed line is the master spectrumx̂2 for
l50.730. It is shifted so that it can describe well the me
sureda-peak wing forv/2p<10 GHz. Obviously it fits the
spectrum around the minimum for a two-and-one-ha

FIG. 3. The solution forxs9 from Fig. 1 on an extended absciss
~upper part!. The results for 283 and 303 K have not been exhibi
in order not to overcrowd the figure. The lower part exhibits t
corresponding susceptibility spectrax9 of the first componentF of
the model. Curvesc, 1, and2 denote solutions at the critical poin
v1
c50.863, v2

c51.88, andv15v1
c6231025 and v25v2

c , respec-
tively. The dashed lines exhibit properly shifted master spectrax̂6 ,
Eq. ~3a!, for the exponent parameterl50.730.
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55 3187EVOLUTION OF STRUCTURAL RELAXATION SPECTRA . . .
decade window. However the critical spectrum, which sho
up in the dashed master curve forv/vmin*10, does not de-
scribe the MCT results. Forv/2p.200 GHz the MCT spec-
tra increase with increasingv strongly above the relaxatio
spectrum in agreement with the data. The spectrum for
THz &v/2p&1 THz deals with the crossover from structur
relaxation to oscillatory transient motion. Figures 3 and
corroborate the conclusion of Ref.@6#, that the light scatter-
ing spectra within the GHz band can only partly be explain
by the scaling laws~3!. They confirm also the observation o
Refs. @5,8#, that the Raman spectra of glycerol, which de
with the dynamics above 50 GHz, cannot be fitted with
leading order asymptotic formulas~3!. However, our results
in particular our Figs. 1 and 2, are not in accord with t
statements of Sokolov, Steffen, and Ro¨ssler@8# that ‘‘strong
deviations from MCT predictions have been found for t
nonfragile liquid glycerol,’’ and that, ‘‘in the nonfragile sys
tem glycerol, MCT fails to describe the spectra.’’

If the scaling law applies, a spectrumx9~v! for T25Tc
1dT determines that T15Tc2dT, since us(T1)u
5us(T2)u. This is exemplified for the curves6 in Fig. 3.
The spectra forT,Tc exhibit a knee, while those forT
.Tc exhibit a minimum, as was explained in Sec. I. T
positionvk of the knee and the corresponding spectral int
sity xk for T5T1 can be determined via Eq.~3b! from the
minimum positionvmin and minimum intensityxmin for T
5T2 . This result is of potential relevance for the interpr
tation of spectra. If the spectra of some system forT1 could
be measured for suchdT, where the minimum was identifie
at T2 , one could test the following implications of Eq
~3b!: vk5vmin(v̂k /v̂min) andxk5xmin(x̂k /x̂min).

Equation~3a! implies that the positionvmin is the same
for all probing variablesA. This implication is obvious in
Fig. 3, if one compares the spectral minima ofxs9 with those
of x9 for T5T2 or for T5233 K. In Fig. 5 the minima
positions for the two susceptibilities of our model are co
pared. ForT.260 K the corrections to the leading ord
results become so important that the two minima are loca
at quite different positions. The total intensity of thea peak

FIG. 4. The MCT spectrum forT5253 K from Fig. 1 ~full
curve! in comparison with the light-scattering spectrum of Wutt
et al. @6# ~open circles!. The dashed line is the scaling law spectru
x̂2 for l50.730, rescaled so as to match thea-peak wing of
v/2p,10 GHz.
s

.2

4

d

l
e

-

-

-

d

of the correlatorF is only 27%. Upon increasingT it be-
comes buried under the low frequency wing of the mic
scopic excitation band; forT*285 K the susceptibilityx9 no
longer exhibits a minimum. Thea-peak intensity ofxs9 is so
strong that the spectra show a minimum for all temperatu
studied. As explained above, the low frequency wing of
boson peak covers the critical spectrum forT.270 K. The
minimum of xs9 for T.270 K is therefore produced by th
crossover of thea-peak tail to the boson peak spectrum. Th
crossover is described by MCT as shown in Fig. 1, but i
outside the range of validity of formulas~3!. The variation of
the two minima positions with changes ofT, described here
for the two spectrax9 and xs9 , was discussed recently b
Toulouse, Pick, and Dreyfus@20# in a comparison of two
susceptibility spectra of salol. These authors compa
minima positions which were obtained by neutron and lig
scattering, spectroscopy.

The power laws for the scales, which are obtained
MCT in a leading order asymptotic description for sm
distancesuT2Tcu, are identified most clearly by considerin
a rectification diagram. Sincevmin}usu1/2a, thevmin

2a versusT
graph is proportional toT2Tc within the range of validity of
Eqs. ~3!. Similarly, since the susceptibility maxima follow
the power lawvmax}usug, g51/2a11/2b, thevmax

1/g versusT
curve also linearly intersects the abscissa atTc . Figure 6
exhibits the corresponding results obtained from Fig. 3
xs9(v). In agreement with the preceding discussion, one
tices that the power laws for the scales are followed forT
,253 K. A linear extrapolation of the rectified diagrams f
uT2Tcu<30 K therefore yields a reasonable estimation
the critical temperatureTc . Thea-peak position is measure
by light scattering experiments only for temperatures ab
310 K. But forT.300 K one is outside the range of validit
of Eqs.~3!, and therefore the power laws for the scales are
longer valid. If one would extrapolate linearly 1/t1/g versus

FIG. 5. The position of the susceptibility minimavmin for xs9
~full squares! and x9 ~open diamonds! obtained from Fig. 3. The
lines connecting the symbols are added as guide to the eye.
dashed line is the scaling law asymptote~3b!, vmin5C1(T
2Tc)

1/2a, with 1/2a51.59,Tc5230.5 K, andC1 chosen to match
the minima for 233 K.
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T curves fromT.300 K to lower temperatures, one wou
estimate quite a wrong value forTc , as is obvious from Fig.
6 for our 1/t5vmax results.

IV. CONCLUSIONS

Some additional remarks shall conclude our discuss
MCT predicts within the leading asymptotic limit that th
a-peak shapes are determined by the functionalFq . No gen-
erally valid result for the fulla-peak shapes can be justifie
A discussion of thea-peak shapes for glycerol would requi
the derivation ofFq within a microscopic theory and a solu
tion of Eqs.~1! in a similar way as was done earlier for th
hard sphere liquid and some other simple liquid models. O
could also try to fit the data within more involved schema
models, so thata peaks are described. In any case there is
reason to assume that thea-peak shapes of the schema
model in Fig. 3 have a quantitative relation to the ones
light scattering spectra of glycerol forv/2p,0.4 GHz.

Obviously, there is no possibility to describe the conve
tional Raman spectrum of glycerol within the full THz win
dow with our two oscillator model. However, in this conte
it is reassuring that Alba-Simionesco and Krauzman@21#
succeeded in fitting complete Raman spectra with a
component MCT model for some glass former. Their fi
also describe the evolution of the high frequency part of
structural relaxation. However their results are based o
more involved connection between MCT correlators and
man response functions than we used here.

One expects that the considered large variation of
temperature also causes some changes of the oscillato
rametersV, n, Vs , andns . One also expects a temperatu
drift of the mode coupling coefficientvs in Eq. ~4c! of the
same order as considered in Fig. 2 forv1 and v2 . These

FIG. 6. Minima positionsvmin ~in units of 2p THz! to the power
2a50.628~full squares! and maxima positionsvmax ~in units of 2p
THz! to the power 1/g50.410~open circles!, as obtained from Fig.
3 for the susceptibility spectraxs9 , as function of temperature. Th
lines connecting the symbols are guides to the eye.
n.

e

o

r

-

o

e
a
-

e
pa-

drifts have been ignored in our fits for the sake of mathem
cal simplicity. Thereby we could distinguish between te
perature variations of the spectra caused by trivial param
drifts on the one hand, and the consequences of drifts of
crucial mode coupling parameters near the bifurcation sin
larity on the other hand. In Ref.@6# one further spectrum wa
reported for the very high temperatureT5413 K. It was not
possible to fit this spectrum with the mentioned constraint
the model parameters. However, choosing the drifted par
eters for the second correlatorvs518.8, Vs/2p50.7325
THz, andns/2p51.13 THz ~keepingV, n unchanged! the
solution for xs9(v) also reasonably interpolates these da
This is shown in Fig. 7, where the more conventional se
logarithmic representation of spectra is used.

Let us point out two further implications of thev1-v2
drift, which are not directly related to the bifurcation ph
nomenon. First, the cage effect, as described by the m
coupling functionalFq, leads to a considerable renormaliz
tion of the oscillator frequencies. The susceptibility peaks
Fig. 3 are located at higher frequencies than the ‘‘bare’’ f
quenciesVs andV, respectively. Second, the high frequen
spectra also exhibit characteristic drifts with temperatu
These high frequency spectraFs9(v) are exhibited for some
representative temperatures in Fig. 8 on linear scales.
such diagrams the boson peak shows up very directly foT
<293 K. The boson peak frequency is found to decrea
and the boson peak intensity is found to increase upon h
ing. This vibrational softening with increasing temperatu
can be understood for our model from elementary formu
which have been obtained by solving Eqs.~4! analytically in
the strong coupling limit@18#.

There are several experimental techniques yielding c
elators as a function of time within the ps window. Therefo
it might be worthwhile to show the results for our model
Fig. 9, which underlie the fit curves in Fig. 1. The bos
peak of the spectra manifests itself as a pronounced osc
tion of Fs for times between 0.1 and 1 ps. Figure 1 show
that our model does not describe properly the smearing
the Raman spectra. The oscillations in Fig. 9 are therefor
some extent an artifact of the applied oversimplifications

FIG. 7. Some of the data and calculated spectra from Fig. 1
semilogarithmic representation. Added are the data for 413 K@6#
and a fit by the solution of Eq.~4! with parameters specified in th
text.
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we would have used a more involved regular ker
Ms

reg(t) in Eq. ~1a! so that the Raman band between 1 and
THz would be fitted, we would have obtained a transie
dynamics with less pronounced oscillations than that sho
in Fig. 9. The critical correlators, i.e., the solutions at t
critical point, are shown as dashed curves in Fig. 9. Th
decay toward the critical nonergodicity parametersf q

c

5 f q(T5Tc) which for our model readf c512l50.270
and f s

c5121/(vsf
c)50.883.

It is well understood that proper extensions of the MC
eliminate the discussed sharp transition to an ideal glas
Tc in favor of some smooth crossover forT nearTc @11#.
There is still a regime of parameters and frequencies wh
Eq. ~3a! holds. However, the simple scaling lawx̂ has to be
generalized to a two parameter scaling law. The master s
tra are still given byl, but in addition tos there appears a
second relevant control parameter, called the hopping par
eterd>0. A first test of the indicated results of the extend
MCT against data was done for the mentioned CKN spe
@22#. From this work one infers that somedÞ0 effects can
also be fitted with ad50 theory by erroneously choosing to
small a value forl. We cannot exclude that our analys
suffers from this mistake. The logxs9 versus logv curves for
193 and 203 K in Fig. 1 are somewhat steeper forv/2p,8
GHz than the curves suggested by the data. This system
discrepancy between data and fit is a signature ofdÞ0 ef-

FIG. 8. Relaxation spectraFs9(v)5xs9/v in units of ~2p
THz!21 for the MCT solutions shown in Fig. 1 for some represe
tative temperatures.
y

l,

r,

ov
l
0
t
n

y

at

re

c-

m-

ra

tic

fects. However, the data studied here do not allow fo
meaningful quantitative analysis ofd effects.

Figure 3 shows that important low frequency features
the spectra forT<260 K fall outside the studied window
Therefore our fits cannot be used as a reliable estimatio
l. Indeed, we have also produced fits of a quality similar
the one shown in Fig. 1 for other parametersl. We have not
systematically examined the possibility for fits of the gly
erol spectra for other parameter sets than those mentio
above. Therefore the preceding analysis is not meant to
determination of MCT parameters for glycerol; rather it
merely offered as a demonstration that relevant spectra f
nonfragile glass former can be interpreted within the MC
even within a very primitive schematic model. Any furth
conclusion could be reached only if susceptibility spectra
some probing variableA were available, which extend for a
cited temperatures from 1 THz down into the middle of t
MHz band.
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FIG. 9. The solutionsF(t) andFs(t) of Eqs.~4! used to evalu-
ate the spectra in Figs. 1 and 3. The dashed lines with labc
exhibit the solutions at the transition point.
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R. Böhmer, and A. Loidl, Phys. Rev. Lett.77, 318
~1996!.
,

@3# G. Li, W. M. Du, X. K. Chen, H. Z. Cummins, and N. J. Tao
Phys. Rev. A45, 3867~1992!.

@4# W. van Megen and S. M. Underwood, Phys. Rev. Lett.70,
2766 ~1993!; Phys. Rev. E.49, 4206~1994!.

@5# E. Rössler, A. P. Sokolov, A. Kisliuk, and D. Quitman, Phy
Rev. B49, 14 967~1994!.

@6# J. Wuttke, J. Hernandez, G. Li, G. Coddens, H. Z. Cummi
F. Fujara, W. Petry, and H. Sillescu, Phys. Rev. Lett.72, 3052
~1994!.



v.

hy

o,

J.
No.

3190 55T. FRANOSCH, W. GO¨ TZE, M. MAYR, AND A. P. SINGH
@7# J. Wuttke, W. Petry, G. Coddens, and F. Fujara, Phys. Re
52, 4026~1995!.

@8# A. P. Sokolov, W. Steffen, and E. Ro¨ssler, Phys. Rev. E52,
5105 ~1995!.

@9# E. Leutheusser, Phys. Rev. A29, 2765~1984!; U. Bengtzelius,
W. Götze, and A. Sjo¨lander, J. Phys. C17, 5915~1984!; S. P.
Das, G. F. Mazenko, S. Ramaswamy, and J. J. Toner, P
Rev. Lett.54, 118 ~1985!.

@10# S. F. Edwards and P. W. Anderson, J. Phys. F5, 965 ~1975!.
@11# W. Götze and L. Sjo¨gren, Rep. Prog. Phys.55, 241 ~1992!.
@12# W. Götze and L. Sjo¨gren, J. Math. Anal. Appl.195, 230

~1995!.
@13# W. Götze, J. Phys. Condens. Matter2, 8485~1990!.
@14# C. A. Angell, J. Non-Cryst. Solids131-133, 13 ~1991!.
@15# W. Knaak, F. Mezei, and B. Farago, Europhys. Lett.7, 529

~1988!.
E

s.

@16# N. J. Tao, G. Li, and H. Z. Cummins, Phys. Rev. Lett.66,
1334 ~1991!.

@17# H. Z. Cummins, G. Li, W. M. Du, J. Hernandez, and N. J. Ta
Transport Theory Stat. Phys.24, 981 ~1995!.

@18# W. Götze, Z. Phys. B56, 139 ~1984!.
@19# L. Sjögren, Phys. Rev. A33, 1254~1986!.
@20# J. Toulouse, R. Pick, and C. Dreyfus, inDisordered Materials

and Interfaces, edited by H. E. Stanley, H. Z. Cummins, D.
Durian, and D. L. Johnson, MRS Symposia Proceedings
407 ~Materials Research Society, Pittsburgh, 1996!, Vol. 407,
p. 161.

@21# C. Alba-Simionesco and M. Krauzman, J. Chem. Phys.102,
6574 ~1995!.

@22# H. Z. Cummins, W. M. Du, M. Fuchs, W. Go¨tze, S. Hilde-
brand, A. Latz, G. Li, and N. J. Tao, Phys. Rev. E47, 4223
~1993!.


